We show that feedback control can be used to significantly increase the speed at which a continuous measurement purifies the state of a quantum system, and thus the speed at which purestate can be prepared.
Overview
Many potential applications of quantum devices, particularly in information processing, require quantum systems to be prepared in pure states. However, due to their interaction with the environment, the systems in question usually exist naturally in mixed states. There are essentially two ways in which the state of a quantum system can be purified. One is by coupling the system to an environment in such a way that the application of (open loop) control Hamiltonians will reduce the energy of the system. Laser cooling techniques fall into this category [1, 2] . The second method is to use measurement coupled with feedback (closed loop) control [3] . In this case the entropy in the quantum system is transferred to the states of a classical device. In a feedback loop it is the measurement which provides the necessary purification.
While for simplicity measurements are often treated as instantaneous, in reality measurements, like all physical processes, take time. All measurements are therefore continuous on some time scale, and this becomes important when the time scale of the operation of a quantum device is comparable to the speed of measurement. This in turn is determined by the interaction with the system and the measuring device.
It turns out that, given a fixed measurement, it is possible to apply unitary operations to the system (or alternatively, to the interaction with the measuring device) during the measurement to increase the rate at which the system is purified. (In other words, to use a process of feedback control.) This problem was analyzed for a measurement performed on single qubit in [4] , in which it was shown that the maxim possible speed-up which could be generated by feedback control was a factor of two. This speed-up is obtained in the limit in which the desired purity is high.
Here we show that this limit does not apply to systems with more than two states. For measurements on larger systems feedback control can provide a much greater speed-up. We consider a measurement of an observable with D equally spaced eigenvalues, performed on a D dimensional quantum system. This is a fairly canonical measurement, physical examples of which are measurements of the z component of spin, the number of photons in a cavity mode, or the energy of a harmonic oscillator. We show that for such measurements, there exists a feedback algorithm which will reduce the time required to prepared states of high purity by at least a factor of (2/3)(D+1) [5] .
Further Details
The measurement of an observable with D engenstates ! n has D outcomes, each of which cooresponds to projecting the system onto one of the eigenstates. If we use a von Neumann measurement to model this situation, then we simply apply one of the projectors ! P n = n n to the state of the system. Doing so however ignores the fact that a real measuring apparatus takes some time to perform the measurement. Only if this time-scale is fast compared the dynamics of the system, does a von Neumann measurement provide an adequate description. The precise dynamics of the measurement will depend on the measuring device, but a simple description which is directly applicable to a a2836_1.pdf QMG5.pdf
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wide range of measuring devices, is given by the stochastic master equation [4] !
where ! " is the density matrix of the system, Q is the observable being measured, k is constant which sets the rate at which the measurement extracts information (often referred to loosely as the strength of the measurement), and dW is Gaussian white noise, referred to as Wiener noise. Note that to obtain the full evolution of the system one would also have to include the system Hamiltonian in (1). The continuous stream of output results (referred to as the measurement record) is given by
When the system Hamiltonian commutes with Q, the evolution under this measurement can be solved fully analytically [6] . As the measurement proceeds the density matrix of the system is increasingly localized in the eigenbasis of the observable Q, and in the limit as ! t " # the system is projected onto one of the eigenstates of Q.
Feedback control consists of applying a Hamiltonian to the system, and continually modifying this based on the continuous stream of measurement results. In this case the evolution of the system becomes feedback Hamiltonian, even though Hamiltonian evolution cannot by itself change the purity of a system. It is worth noting that instead of performing the Hamiltonian feedback on the system one can equivalently perform this feedback on the measuring device; that is, instead of applying a Hamiltonian to continually "rotate" the system in Hilbert space, one can continually rotate the observable Q which is being observed. The equivalence of these two procedures is due to the fact that we are concerned only with the maximizing the purity of the system, rather than with controlling the full dynamics. In this picture, the feedback algorithm is an example of an adaptive measurement procedure. This adaptive measurement scheme is, however, distinct from previous adaptive schemes in that these have been concerned with obtaining information which is encoded in the initial state (or, more or less equivalently, the system Hamiltonian) [7] . Here we are concerned not with optimizing the observers information about any information initially encoded in the system, but with optimizing the observers information about the final state which results from the measurement. In this sense the problem of feedback enhanced rapid state-reduction is complementary to that of adaptive state (or parameter) estimation.
